COLLAPSING AND THE DIFFERENTIAL FORM LAPLACIAN : THE 
CASE OF A SMOOTH LIMIT SPACE 

b 

^ : JOHN LOTT 

^S| ' Abstract. We analyze the limit of the p-form Laplacian under a collapse, with bounded 

sectional curvature and bounded diameter, to a smooth limit space. As an application, 
we characterize when the p-form Laplacian has small positive eigenvalues in a collapsing 
sequence. 



C^ 



1. Introduction 



o 

^ • A central problem in geometric analysis is to estimate the spectrum of the Laplacian on 

a compact Riemannian manifold M in terms of geometric invariants. In the case of the 
Laplacian on functions, a major result is Cheeger's lower bound on the smallest positive 



•/^ I eigenvalue in terms of an isoperimetric constant |]TT|. The problem of extending his lower 



bound to the case of the p-form Laplacian was posed in |Tl| . There has been little progress 
on this problem. We will address the more general question of estimating the eigenvalues 
{-^p,i("^)}i^i of ^^^ p-form Laplacian Ap (counted with multiplicity) in terms of geometric 
Q I invariants of M. 

On ■ A basic fact, due to Cheeger and Dodziuk, is that \pj{M) depends continuously on the 

^ . Riemannian metric g^^ in the C'^-topology |T^. Then an immediate consequence of the 

'-^ [ C°-compactness theorem of Anderson and Cheeger |I| is that for any n E Z"*", r G M, and 

^ ' D,io > 0, there are uniform bounds on Ap.j(M) among connected closed n-dimensional 

Riemannian manifolds M with Ric(M) > r, diam(M) < D and inj(M) > tQ (compare |llO| , 



Theorem 1.3], [|T4|, Theorem 0.4].) In particular, there is a uniform positive lower bound on 
^>< I the smallest positive eigenvalue of the p-form Laplacian under these geometric assumptions. 

^ ' The question, then, is what happens when inj(M) -^ 0. For technical reasons, in this 

paper we will assume uniform bounds on the Riemannian curvature i?*^. Then we wish to 
study how the spectrum of Ap behaves in the collapsing limit. By collapsing we mean the 
phenomenon of a sequence of Riemannian manifolds converging in the Gromov-Hausdorff 
topology to a lower- dimensional space. We refer to [p3| . Chapters 1 and 3] for basic informa- 
tion about collapsing and |jl2|. Section I], |jl3|, |^ and [^, Chapter 6] for information about 
bounded curvature collapsing. In this paper, we analyze the behavior of the spectrum of 
Ap under collapse, with bounded sectional curvature and bounded diameter, to a smooth 
limit space. The answer will be in terms of a type of Laplacian on the limit space. As an 
application, we characterize when the p-form Laplacian has small positive eigenvalues in a 
collapsing sequence. In a subsequent paper we will extend the results to the case of singular 
limit space, and give additional applications. 
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2 JOHN LOTT 

From Hodge theory, dini(Ker(Ap)) = bp(M), the p-th Betti number of M. Given i^ > 0, 
let Ai{M, K) be the set of Riemannian metrics g on M with || R^^ ||oo^ K and diam(M, g) < 
1. We will say that M has small positive eigenvalues of the p-form Laplacian if 

inf X„i(M,g) = (1.1) 

for some j > bp(M) and some i^ > 0. If this is the case then we will say that M has 
(at least) j small eigenvalues. Note that this is a statement about the (smooth) topological 
type of M. 

There are no small positive eigenvalues of the Laplacian on functions on M (see, for exam- 
ple, 01). Colbois and Courtois gave examples of manifolds with small positive eigenvalues of 
the p-form Laplacian for p > |l^. Their examples were manifolds M with free isometric 



T'^-actions, which one shrinks in the direction of the T'^-orbits. In terms of the fiber bundle 
M — > M/T^, this sort of collapsing is a case of the so-called adiabatic limit. The asymptotic 
behaviour of the small eigenvalues of the p-form Laplacian in the adiabatic limit was related 
to the Leray spectral sequence of the fiber bundle in p, |1^, |T8|, |26[ . 



In another direction, Fukaya considered the behavior of the Laplacian on functions in 
the case of a sequence of manifolds that converge in the Gromov-Hausdorff metric dcH to 
a lower- dimensional limit space X, the collapsing assumed to be with bounded sectional 



curvature and bounded diameter ||T9|. He found that in order to get limits, one needs to 
widen the class of spaces being considered by adding a Borel measure, and consider measured 
metric spaces. This is the case even if X happens to be a smooth manifold. He defined 
a Laplacian acting on functions on the measured limit space and proved a convergence 
theorem for the spectrum of the Laplacian on functions, under the geometric assumption of 
convergence in the measured Gromov-Hausdorff topology. 

We consider the behavior of the spectrum of Ap under collapse with bounded sectional 
curvature and bounded diameter. We find that we need a somewhat more refined structure 
on the limit space, namely a superconnection as introduced by Quillen [^. More precisely. 



we will need a flat degree-1 superconnection in the sense of P]. Suppose that 5 is a smooth 

tat E = 0"Lq E^ is a Z-graded real vector bundle on B. 
' that we need will be of the form 



connected closed manifold and that E = ©"Lq -^"' is a Z-graded real vector bundle on B. 
The degree-1 superconnections A' that we need will be of the form 



where 

• Ajo] G C~ {B; Rom{E*, ^*+^)), 

• AL-, is a grading-preserving connection V^ on E and 

• AJ2] G n'^{B;}lom{E*,E*-^)). 

The superconnection extends by Leibniz' rule to an operator A' on the ii^-valued differential 
forms Q{B; E). The flatness condition {A') = becomes 

• V^Ajoj = V^AJ2] = and 

• (V ) + ^[o]^'2] + ^'2]^'o] = 0- 

In particular, AL-, defines a differential complex on the fibers of E. Let g^^ be a Riemannian 
metric on B and let h^ be a graded Euclidean inner product on E, meaning that -E* is 



COLLAPSING AND THE DIFFERENTIAL FORM LAPLACIAN : THE CASE OF A SMOOTH LIMIT SPACE 

orthogonal to E^ ii i ^ j. Then there are an adjoint {A')* to A' and a Laplacian A^ = 
A' {A'Y + {A'Y A' on fi(5; E). Let A^ be the restriction of A^ to 0^+^,=^ ^"-{B; E^). 

Using the C°-continuity of the spectrum and the geometric results of Cheeger, Fukaya 
and Gromov |l^ , we can reduce our study of collapsing to certain special fiber bundles. As 



is recalled in Section ^, an infranilmanifold Z has a canonical flat linear connection V'^-^'^. 
Let Aff(Z) be the group of diffeomorphisms of Z which preserve V"-'^-^. 

Definition 1. An affine fiber bundle is a smooth fiber bundle M —>■ B whose fiber Z is an 
infranilmanifold and whose structure group is reduced from Diff(Z) to Aff(Z). A Riemannian 
affine fiber bundle is an affine fiber bundle along with 

• A horizontal distribution T^M on M whose holonomy lies in Aff(Z), 

• A family g^^ of vertical Riemannian metrics which are parallel with respect to the flat 
affine connections on the fibers Z\, and 

• A Riemannian metric g^^ on B. 

Fix a smooth connected closed Riemannian manifold B. Fukaya showed that any manifold 
M which collapses to -B, with bounded sectional curvature, is the total space of an affine 
fiber bundle over B |2^. If M ^ i? is an affine fiber bundle, let T^M be a horizontal 



distribution on M as above. Let T G VL^{M\TZ) be the curvature of T^M. There is a 
Z-graded real vector bundle E on B whose fiber over b E B is isomorphic to the differential 
forms on the fiber Zj, which are parallel with respect to the fiat affine connection on Zj,. 
The exterior derivative d^^ induces a fiat degree-1 superconnection A' on E. li M —>■ B is 
in addition a Riemannian affine fiber bundle then we obtain a Riemannian metric f/^*^ on 
M constructed from g^^ , g^^ and T^M. There is an induced L^-inner product h^ on E. 
Define A^ as above. Let diam(Z) denote the maximum diameter of the fibers {Zh}beB in 
the intrinsic metric and let 11 denote the second fundamental forms of the fibers {Zh}h(=B- 
Our first result says that the spectrum cr(Ap ) of A^ contains all of the spectrum of the 
p-form Laplacian A^^ which stays bounded as dGH{M,B) — » 0. 

Theorem 1. There are positive constants A, A' and C which only depend on dim(M) such 
that if II R^ II oo diam(Z)2 < A' then for all < p < dim(M), 

a(Af ) n [0, A diam(Z)-2 - C7 (|| i?*^^ + || H ||^ + || T ||^)) = (1.3) 

a(Af ) n [0, A diam(Z)-2 - c {\\ R'' ^ + \\ U \\l + \\ T \\l)) . 

When Z is fiat, there is some intersection between Theorem and the adiabatic limit 
results of P, |l^, |l^, |2^. However, there is the important difference that we need estimates 



which are uniform with respect to dcniM, B), whereas the adiabatic limit results concern 
the asymptotics of the eigenvalues under the collapse of a given Riemannian fiber bundle 
coming from a constant rescaling of its fibers. 

We apply Theorem |l] to estimate the eigenvalues of a general Riemannian manifold M 
which is Gromov- Hausdorff close to B, assuming sectional curvature bounds on M. Of 
course we cannot say precisely what cr(A*^) is, but we can use Theorem |l] to approximate 
it to a given precision e > 0. We say that two nonnegative numbers Ai and A2 are e-close 
if e"" A2 < Ai < e" A2. We show that for a given e > 0, if dcniM, B) is sufficiently small 
then there is a fiat degree-1 superconnection A' on B whose Laplacian Af' has a spectrum 



p 

fit Ipa^t iin f.ci a hicrln IpvpI 

P 



which is e-close to that of Ap"'^, at least up to a high level. 
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Theorem 2. Let B be a fixed smooth connected closed Riemannian manifold. Given n G 
Z+, e > and K >{], there are positive constants v4(n, e, K), A'{n, e, K) and C{n, e, K) with 
the following property : If M^ is an n-dimensional connected closed Riemannian manifold 
with II R^^ lloo < K and dcH{M, B) < A'(n,e,K) then there are 

1. A Z-graded real vector bundle E on B, 

2. A flat degree-1 superconnection A' on E and 

3. A Euclidean inner product h^ on E 

such that if Xpj{M) is the j-th eigenvalue of the p-form Laplacian on M, Xpj{B; E) is the 
j-th eigenvalue of A^ and 

min(Ap,,(M), Ap,,(5; E)) < A{n, e, K) dcniM, B)'^ - C(n, e, K) (1.4) 

then Xpj{M) is e-close to Xpj{B] E). 



Using p|, one can also show that the eigenspaces of /\p are L°°-close to those of A 



M 
P ' 



with respect to the embedding il{B; E) — > r2(M). 

In the case of the Laplacian on functions, only E^ is relevant. Although E^ is the trivial 
M-bundle on B with a trivial connection, its Euclidean inner product h^ need not be trivial 
and corresponds exactly to the measure in Fukaya's work. 

In order to apply Theorem 0, we prove a compactness result for the superconnection and 
Euclidean metric. 

Definition 2. Let Se be the space of degree-1 superconnections on E, let Qe be the group 
of smooth grading-preserving GL{E) -gauge transformations on E and let He be the space 
of graded Euclidean inner products on E. We equip Se and He with the C°° -topology. Give 
{Se X T-Ce)/Ge the quotient topology. 

Theorem 3. In Theorem [^, we may assume that E is one of a finite number of isomor- 
phism classes of real Z- graded topological vector bundles {Ei} on B. Furthermore, there are 
compact subsets De^ C {Se^ x HeJ/Ge, depending on n, e and K , such that we may assume 
that the gauge- equivalence class of the pair {A\ /i^) lies in De- 

We remark that there may well be a sequence of topologically distinct Riemannian mani- 
folds of a given dimension, with uniformly bounded sectional curvatures, which converge to 
B in the Gromov-Hausdorff topology (see Example 3 of Section]^). This contrasts with the 
finiteness statement in Theorem |^. 

The eigenvalues of A^ are continuous with respect to [(A', /i-^)] G {Se x 'He)/Ge- One 
application of Theorem ^ is the following relationship between the spectra of A*"^ and the 
ordinary differential form Laplacian on B. 

Theorem 4. Under the hypotheses of Theorem^, let X' AB) be the j-th eigenvalue of the 
Laplacian on ^,^ fi'"(i?) (g) R'^*™-'^-^'' ''\ Then there is a positive constant D{n, e, K) such that 

e-^/' X'^/By/' - D{n,e,K) < Xp,{MYl^ < e^l' X'^^^{Bf'' + D{n,e,K). 

(1.5) 

Now consider a flat degree-1 superconnection A' on a real Z-graded vector bundle E over 
a smooth manifold B. As {A') = 0, there is a cohomology H*(A') for the action of A' on 
Q{B] E), the latter having the total grading. There is a flat Z-graded "cohomology" vector 
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bundle H*(y4Jp,) on B. Furthermore, there is a spectral sequence to compute 'H.*{A'), with 

E2-termH*(^5;H*(Ajo])). 

Suppose that M is a connected closed manifold with at least j small eigenvalues of Ap 
for j > bp(M). Consider a sequence of Riemannian metrics {(7j}^i in A4[M,K) with 
limj^oo Apj(M, (yfj) = 0. There must be a subsequence of {(M, gfj)}^^ which converges to 
a lower- dimensional limit space X. That is, we are in the collapsing situation. Suppose 
that the limit space is a smooth manifold B. From Theorems |] and |^, we can take a 
further subsequence of {{M,gi)}'^i to obtain a single vector bundle E on B, equipped 
with a sequence {{^'i, hf)} ^^^ of superconnections and Euchdean inner products. Using 
the compactness result in Theorem ^, we can take a convergent subsequence of these pairs, 
modulo gauge transformations, to obtain a superconnection A'^ on E with dimKer (Af') > 
j. Then dim(HP(A'^)) > j. It is no longer true that }i*{A'^) ^ H*(M;]R) for this limit 
superconnection. However, we can analyze li*{A'^) using the spectral sequence. We obtain 

J < Y. dim(H»(5;H''(A:^,[o])))- (1-6) 

a+b=p 

This formula has some immediate consequences. The first one is a bound on the number 
of small eigenvalues of the 1-form Laplacian. 

Corollary 1. Suppose that M has j small eigenvalues of the l-form Laplacian, with j > 
bi(M). Let X be the limit space coming from the above argument. Suppose that X is a 
smooth manifold B . Then 

J < MB) + dim(M) - dim(5) < bi(M) + dim(M). (1.7) 

The second consequence is a bound on the number of small eigenvalues of the p-form 
Laplacian for a manifold which is Gromov-Hausdorff close to a codimension-1 manifold. 

Corollary 2. Let B be a connected closed {n — 1)- dimensional Riemannian manifold. Then 
for any K > 0, there are 6,c> with the following property : Suppose that M is a connected 
closed smooth n-dimensional Riemannian manifold with || i?*^ ||oo ^ -^^ Oind dcniM, B) < S. 
First, M is the total space of a circle bundle over B. Let O be the orientation bundle of 
M —>■ B, a flat real line bundle on B . Then Xpj{M,g) > c for j = hp{B)+hp_i{B;0) + 1. 

The rest of our results concern small eigenvalues in collapsing sequences. 

Definition 3. // M —>■ B is an affine fiber bundle, a collapsing sequence associated to the 
affine fiber bundle is a sequence of metrics {gi}'^i G Ai{M,K) for some K > such that 
lirai^ooiM, gi) = B in the Gromov-Hausdorff topology and for some e > 0, each {M,gi) is 
e-biLipschitz to a Riemannian affine fiber bundle structure on M ^ B . 

We show that there are three mechanisms to make small positive eigenvalues of the differ- 
ential form Laplacian on M in a collapsing sequence. Either the differential form Laplacian 
on the fiber admits small positive eigenvalues, or the holonomy of the flat "cohomology" 
bundle on B fails to be semisimple, or the Leray spectral sequence oi M -^ B does not 
degenerate at the i?2-term. 

Theorem 5. Let {{M,gi)}°l^ be a collapsing sequence associated to an affine fiber bundle 
M ^ B. Suppose that linij^oo \},j{^i 9i) = for some j > hp{M). Write the fiber Z of the 
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affine fiber bundle as the quotient of a nilmanifold Z = r\N by a finite group F. Then 

1. For some q G [0,p], bg{Z) < dim (A^(n*)^), or 

2. For all q G [0,p], bg{Z) = dim (A'^(n*)^), and for some q G [0,p], the holonomy 
representation of the flat vector bundle H'^(Z;M) on B fails to be semisimple, or 

3. For all q G [0,p], bg{Z) = dim (A'(n*)^) and the holonomy representation of the flat 
vector bundle H'^(Z;R) on B is semisimple, and the Leray spectral sequence to compute 
H^(M;R) does not degenerate at the E2 term. 

Examples show that small positive eigenvalues can occur in each of the three cases in 
Theorem |^. 

Theorem ^ has some immediate consequences. The first is a characterization of when the 
1-form Laplacian has small positive eigenvalues in a collapsing sequence. 

Corollary 3. Let {(M, (yfj)}^-^ be a collapsing sequence associated to an affine fiber bundle 
M -^ B. Suppose that linij^oo ^iji^i Qi) = for some j > bi(M). Then 

1. The differential d2 '■ H°(B; H^(Z; M)) -^ H^(i?;]R) in the Leray spectral sequence for 
H*(M;M) is nonzero, or 

2. The holonomy representation of the flat vector bundle H"'^(Z;M) on B has a nontrivial 
unipotent subrepresentation, or 

3. Z is almost flat but not flat and there is a nonzero covariantly- constant section of the 

flat vector bundle jpr^^^- 

The differential rfa : H°(5; H^(Z; M)) -^ H^(5; R) can be considered to be a type of Euler 
class; in the case of an oriented circle bundle over a smooth base, it gives exactly the Euler 
class. 

The second consequence is a characterization of when the p-form Laplacian has small 
positive eigenvalues in a collapsing sequence over a circle. 

Corollary 4. Let {{M,gi)}'^-^^ be a collapsing sequence associated to an affine fiber bundle 
M ^ S^ . Suppose that limj^oo ^p,j{M,gi) = for some j > bp(M). Write the fiber Z of 
the affine fibre bundle as in Theorem |^. Then 

1. For some q E {p — l,p}, bg{Z) < dim (A''(n*)-^), or 

2. For q e {p - l,p}, bg{Z) = dim (A''(n*)^), and z/ $* G Aut(H*(Z;M)) denotes the 
holonomy action on the fiber cohomology then <l>^ or $p^^ has a nontrivial unipotent factor 
in its Jordan normal form. 

The third consequence is a characterization of when the p-form Laplacian has small pos- 
itive eigenvalues in a collapsing sequence over a codimension-1 manifold. 

Corollary 5. Let {{M,gi)}'^-^^ be a collapsing sequence associated to an affine fiber bundle 
M ^ B with dim(i?) = dim(M) — 1. Suppose that lirai^oo ^p,j{M, gi) = for some j > 
hp{M). Let O be the orientation bundle of M —^ B, a flat real line bundle on B. Let x ^ 
H^(i?; O) be the Euler class of the orbifold circle bundle M ^ B. Let AA^ be multiplication 
by X- Then M^ : W'^^B- O) -^ W+^{B; M) is nonzero or M^ : W-'^{B; O) -^ w[b; R) is 
nonzero. 

Finally, we give a class of examples for which the inequality in ( |l.(j| ) is an equality. 
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Theorem 6. Suppose that M —>■ B is a afftne fiber bundle with a smooth base B and fiber 
Z = Z/F, where Z is a nilmanifold r\N and F is a finite group. Let 

n = n|o]Dn|i]D...Dn(s]DO (1.8) 

be the lower central series of the Lie algebra n. Let c(n) be the center of n. For < k < S, 
put 

m = ^[k] + c(n) (1.9) 

and put t[k] = n[A;]/n[fc+i]. Let P be the principal AS{Z)-bundle such that M = P ^Aff(z) Z . 
Let G = 0(j G^ be the Z-graded flat vector bundle on B with 

s 



G' = ^x^//(^)(AM0tfJj . (1.10) 

Then for any < p < dim(M), M has ^^^j, dim(H"(_B;G'^)) small eigenvalues of the 
p-form Laplacian. 

The structure of the paper is as follows. In Section |^ we give examples of collapsing 
which show that the superconnection formalism is necessary. In Section |^ we give some 
background information about infranilmanifolds Z and show that the orthogonal projection 
onto the parallel forms of Z is independent of the choice of parallel Riemannian metric. 
In Section ^ we give a detailed analysis of the spectrum of the differential form Laplacian 
on an infranilmanifold. In Section |^ we show that the eigenvalues of the superconnection 
Laplacian are continuous with respect to the superconnection, the Riemannian metric and 
the Euclidean inner product. We then analyze the differential form Laplacian on a Rie- 
mannian affine fiber bundle and prove Theorem |I|. In Section ^ we consider manifolds M 
that are Gromov-Hausdorff close to a smooth manifold B and prove Theorems ^ ^ and ^. 
Section ^ uses the compactness results to prove Theorem |^ and Corollaries |l|-^. We then 
prove Theorem ^. More detailed descriptions appear at the beginnings of the sections 



After this paper was finished, I learned of the preprint version of |T5[ which, among other 
things, contains proofs of Corollaries and ^ in the case when M and B are oriented. The 
paper |^ is also related to the present paper. 

I thank Bruno Colbois, Gilles Courtois and Pierre Jammes for corrections to an earlier 
version of this paper. I thank the referee for a very careful reading of the manuscript and 
many useful remarks, along with suggesting a simplification of the proof of Proposition |^. 

2. Examples 

As for notation in this paper, if G is a group which acts on a set X, we let X'^ denote 
the set of fixed-points. If i? is a smooth manifold and ii^ is a smooth vector bundle on B, 
we let Q{B] E) denote the smooth ii^-valued differential forms on B. If n is a nilpotent Lie 
algebra on which a finite group F acts by automorphisms then n* denotes the dual space, 
A*(n*) denotes the exterior algebra of the dual space and A*(n*)'^ denotes the F-invariant 
subspace of the exterior algebra. 

Example 1 : Let X be a simply-connected connected nilpotent Lie group, such as the 
3-dimensional Heisenberg group. Let n be its Lie algebra of left-invariant vector fields, let 
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g^^ be a left-invariant Riemannian metric on A^ and let A^ be the corresponding Lapla- 
cian on VL*{N). (For simplicity of notation, we omit reference to the form degree p.) The 
left-invariant differential forms A*(n*) form a subcomplex of VL*{N) with differential d", on 
which A^ restricts to a finite-dimensional operator A". If F is a lattice in A^ then the 
left- invariant forms on N push down to forms on Z = T\N, giving a subcomplex of Q*{Z) 
which is isomorphic to A*(n*). One knows that H*(Z;R) is isomorphic to the cohomology 
of this subcomplex [^ Corollary 7.28]. We see that the spectrum cr(A") of A" is contained 
in the spectrum a{A^) of the differential form Laplacian on Q*{Z). 

Suppose that {Fj}^^ is a sequence of lattices in A^ with quotients Zi = Ti\N such that 
limj^oo diam(Zj) = 0. Then {Zi}°Z^ obviously converges to a point, with bounded sectional 
curvature in the collapse. We see that there are eigenvalues of A^' which are constant in i, 
namely those which come from o"(A"). By Proposition § below, the other eigenvalues go to 
infinity as i ^ cx). If A^ is nonabelian then there are positive eigenvalues of A^' which are 
constant in i. 

In terms of Theorem ||, i? is a point, E* = A*(n*) and A' = AL = d". This shows that 
the term AL-, does appear in examples. In fact, AL-, = if and only if A^ is abelian. 

By choosing different left-invariant metrics on A^, we can make cr(A") arbitrarily close to 
zero while keeping the sectional curvature bounded. (In fact, the sectional curvature goes 
to zero.) This is a special case of Theorem p. We see that in general, there are no nontrivial 
lower bounds on the positive eigenvalues of A^ under the assumptions of bounded sectional 
curvature and bounded diameter. 

Example 2 : Let M be a compact manifold with a free T'^-action. Let g^^^ be a T'^-invariant 
Riemannian metric on M. Then for e > 0, there is a Riemannian metric gf^ obtained by 
multiplying g^^ in the direction of the T'^-orbit by e. Clearly lirsi^^Q{M, g™) = M/T^, the 
collapse being with bounded sectional curvature |]TB[ . This collapsing is an example of the 



so-called adiabatic limit, for which the eigenvalues of the differential form Laplacian have 
been studied in P, [TO, 113, pB|. Let E be the flat "cohomology" vector bundle on M/T^ with 



fiber H*(T'^; M); in fact, it is a trivial bundle. The results of the cited references imply that 
as e ^ 0, the eigenvalues of A*^ which remain finite approach those of the Laplacian on 
VL*{M/T^\ E). In particular, the number of eigenvalues of the p-form Laplacian which go to 
zero as e — *■ is ^a+b=„dim (H"(M/T'^; -E''))), which is also the dimension of the ii^2-term 
of the Leray spectral sequence to compute H^(M;M). This is consistent with Theorems ^ 
and ^. Let A'^ be the superconnection on E coming from Theorem ^, using (^f*^. Then 
lim,^o^'. = V^. 

Example 3 : Suppose that M is the total space of an oriented circle bundle, with an 
S'^-invariant Riemannian metric. For k G Z+, consider the subgroup Z^ C S^. Then 
\mik^aoM/'Lk = M/S^, the collapse obviously being with bounded sectional curvature. By 
Fourier analysis, one finds that as k ^ oo, the spectrum of A*^/^*^ approaches the spectrum 
of the Laplacian on S'^-invariant (not-necessarily-basic) differential forms on M. In terms 
of Theorem ^ i? = M/S^ and E is the direct sum of two trivial M-bundles on B. Let T be 
the curvature 2- form of the fiber bundle M — > M/S^. Then one finds that the Laplacian 
acting on S^-invariant forms on M is isomorphic to the Laplacian A"^ = A' {A')* + {A')* A', 
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where A' is the extension of the superconnection on C°°{B] E) = C°°{B) © C'^{B) given by 

V^° T 



Here V^ and V^ are product connections. This shows that the term A',^-, does appear in 
examples. Note that if M is simply-connected then {M/Z^}^^ are mutually nondiffeomor- 
phic. 

3. Infranilmanifolds 

In this section we first recall some basic facts about infranilmanifolds. Then in Proposition 
ID we show that the orthogonal projection onto the parallel differential forms of Z comes from 
an averaging technique and so is independent of the choice of parallel metric on Z, a result 
that will be crucial in what follows. 



Let A^ be a simply-connected connected nilpotent Lie group. Following [|I2|, when A^ acts 
on a manifold on the left we will denote it by A^^^: and when it acts on a manifold on the 
right we will denote it by Nr. As in [|1^, let us recall the elementary but confusing point 
that the right action of A^ on A^ generates left-invariant vector fields, while the left action 
of A^ on A^ generates right-invariant vector fields. 

There is a flat linear connection V"''^'^ on A^ which is characterized by the fact that left- 
invariant vector fields are parallel. The group Aff (A^) of diffeomorphisms of A^ which preserve 
V"-^-^ is isomorphic to A''^;^ x Aut(A^). 

Suppose that F is a discrete subgroup of Aff(A^) which acts freely and cocompactly on A^, 
with F n Nl of finite index in F. Then the quotient space Z = r\N is an infranilmanifold 
modeled on A^. We have the short exact sequences 

1 — >Nl — > AS{N) -^ Aut(A^) — > 1 (3.1) 

and 

1 — ^FnA^L — ^F^^j9(F) — ^1. (3.2) 

Put F = F n Nl and F = p{T). Then F is a finite group. There is a normal cover Z = r\N 
of Z with covering group F. 

The connection V"-'^-^ descends to a flat connection on TZ, which we again denote by 
V"-'^-^. Let Aff(Z) denote the afiine group of Z, let ASq{Z) denote the connected component 
of the identity in Aff(Z) and let aff(Z) denote the afiine Lie algebra of Z. Any element 
of Aff(Z) can be lifted to an element of Aff(A^). That is, Aff(Z) = F\(A/'rAff(Ar)), where 
NrAS{N) is the normalizer of F in AS{N). Similarly, Affo(Z) = C(F)\((:7rAff(A^)), where 
CrAff(A^) is the centralizer of F in Aff(A^) and C(F) is the center of F. There is a short 
exact sequence 

1 — > Affo(Z) — > AS{Z) — > Out(F) — > 1. (3.3) 

As afiine vector fields on Z can be lifted to F-invariant afiine vector fields on Z, we have 
aff(Z) = aff(Z)^. If C(A^) denotes the center of A^ then Affo(Z) = (f n C(A^^))\A^^. In 
particular, if n is the Lie algebra of A^ then F acts by automorphisms on n and aff(Z) = n^. 
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The F-invariant subspace A*(n*)'^ of A*(n*) is isomorphic to the vector space of differential 
forms on Z which are parallel with respect to V""^^ ^ or equivalently, to the ( A'"^, x F)-invariant 
subspace of Vt*{N). 

Let g^^ be a Riemannian metric on Z which is parallel with respect to V"-'^-'^. Such metrics 
correspond to F-invariant inner products on n. Let diam(Z) denote the diameter of Z, let 
V^ denote the Levi-Civita connection of Z and let R^ denote the Riemann curvature tensor 
of Z. 

Let V : VL*{Z) -^ A*(n*)'^ be orthogonal projection onto parallel differential forms. 

Proposition 1. The orthogonal projection V is independent of the parallel metric g^^ . 

Proof. We first consider the case when F = {e}, so that Z is a nilmanifold r\A^. As A^ is 
nilpotent, it has a bi-invariant Haar measure fi. We normalize fi so that /p\jy dfj, = 1. Given 

u! e Q*{Z), let uj G Q*{N) be its pullback to A^. If Lg denotes the left action oi g & Nl on 
A^ then for all 7 G F, 

l;^ u = lil;u = liu. (3.4) 

Hence it makes sense to define uo G VL*{N) by 

^= / {Liu) dii{g). (3.5) 

JV\Nl 

For h G Nl, 

Ll^ = [ [LI Liu) dfi{g) = [ [Llf^u) d^ (3.6) 

^r\Afr Jr\N, 



'r\NL Jr\N 



L 



[Llu) dfi{gh ^) = / (iv*^) dfi{g) = u. 

T\Nl JT\Nl 

Thus UJ is A'i-invariant and, in particular, descends to a form uJ G VL*{Z). Put P{uj) = uJ. 
Then P is idempotent, with Im(P) being the parallel differential forms. By construction, 
P is independent of the choice of g^^ . It remains to show that P is self-adjoint. Given 
rj G Q*{Z), let rj be its lift to A^. Consider the function f : N x N ^ M. given by 

f{g,n) = {rj,Lluj)n = {r]{n),uj{gn))n. (3.7) 

For 7 G F, we have f{'yg,n) = f{gi~^,in) = f{g,n). It follows that we can write 



{v,P^)z = / {r],Llu)ndfi{g)dfi{n), (3. 

'(rxr)\(AfxAf) 
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where the action of F x F on A^ x A^ is (71,72) ■ {g,n) = (71(772"^, 72^). Changing variable 
to g' = gn, we have 

{r],Puj)z = / / {rj,L*g,^-^uj)ndfi{g'n'^)dfi{n) (3.9) 

Jt\Nl Jr\NL 

(r/, Ll-^L*g, u})n dfiig') dn{n) 
r\NL Jr\NL 

{LnV, L*g, u))e d\i{g') dfi{n) 
r\NL Jr\NL 

{L*g' to, L^rfje dfi{n) d^i^g') 
t\Nl Jr\NL 

= {uj,Pri)z = {Pr],uj)z. 

Thus P is self-adjoint. 

In the case of general F, we can apply the above argument equivariantly on Z with respect 
to F. As F acts iso metrically on Z, it commutes with the orthogonal projection V on Z. 
As F preserves /j,, it also commutes with the averaging operator P on Z. The proposition 
follows. n 

4. Eigenvalue Estimates on Infranilmanifolds 

In this section we show, in Proposition ^ that if an infranilmanifold Z has bounded 
sectional curvature and a diameter which goes to zero, then all of the eigenvalues of A^ go 
to infinity except for those that correspond to eigenforms which are parallel on Z. 

Let A^ be a simply-connected connected n-dimensional nilpotent Lie group with a left- 
invariant Riemannian metric. Let {cj}"^]^ be an orthonormal basis of n. Define the structure 
constants of n by [cj, Cj] = Ylt=i ^% ^k- Take the corresponding left-invariant basis {ei}"^^ 
of TN, with dual basis of 1-forms {r*}"^]^. Then the components u;*^- = X]fc=i '^ jfc '^'^ ^^ ^^^ 
Levi-Civita connection 1-form uo = ^^ cj^ t^ are the constant matrices 



1 
'jk - ~ 



^- = - ^ {c), - <, - c%) . (4.1) 



Lemma 1. Let n denote the scalar curvature of Z . Then 

n 

E W.)' = -4«:. (4.2) 



i,j,k=l 



Proof. As J2^j fc=i i'^^jk) is independent of the choice of orthonormal basis, we will compute 
it using a special orthonormal basis. Recall the definition of xim from ( [1.91 ). In particular, 



n[5] = c(n). Following the notation of [^, §6] we take an orthonormal basis {ej}[L^ of n 
such that Cj G n[o(i)] for some nondecreasing function 

O:{l,...,n}^{0,...S}, (4.3) 

and Ci _L n[o{i)+i]- 
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For a general Riemannian manifold, we have the structure equations 



dr' 



n\ 



- 5^ o;^ A r^ 



(4.4) 



du;) + J2 



uj' A uj"-. 

m J 



Then 



n\ 



dT.^)^^' + T.^'rn^^l 



(4.5) 



t'' At 



+ 2^^jmdr + 2_^ UJ ^1, UJ ji T At. 



k,l m k,l,m 

This gives the Riemann curvature tensor as 



(4.6) 



Then 



= E i^^^)^ - '^^)^ + E [^w ^'^ + ^™ ^'^] • (4-7) 



«J 



i,j,m 



In our case, the components of the connection matrix are constant. Also, as n is nilpotent. 
Then one obtains 



jj 



c^.- = 0. 



K 



Uj\,,Uj\.,. 



(4.8) 
(4.9) 



- zJ ^jk^kj- 

i,j,k=l 

Separating cu* ;, into its components which are symmetric or antisymmetric in j and k, and 
using (Ol), we obtain 



K 



i,j,k=l i, 

" n • 1 • ' 



(4.10) 



i,j,k=l 



i,j,k=l 
,2 



As n is nilpotent, it follows that cr'j^ c^ • = 0. This proves the lemma. 



D 



Let Z be an infranilmanifold with an afiine-parallel metric. Let A^ denote the Laplacian 
acting on Q*{Z). Let A*"^ be the finite-dimensional Laplacian acting on A*(n*)'^. 

Proposition 2. There are positive constants A and A', depending only on dim(Z), such 
that if II R^ lloo diam(Z')^ < A' then the spectrum a{A^) of A^ satisfies 



cr(A^) n [0, Adiam(Z)-2) = a(A'"") n [O, Adiam{Zy^) . 



(4.11) 
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Proof. Recall the definition of V from Proposition 0. It is enough to show that under the 
hypotheses of the present proposition, the spectrum of A^ on Ker('P) is bounded below by 
Adiam(Z)-2. 

As Z isometrically covers Z with covering group F, the spectrum of A^ on Ker(P) C 
Q*{Z) is contained in the spectrum of A^ on Ker(P) C Q*{Z). 

Lemma 2. There is a function rj : N ^ N such that 

diam(Z) < r]{\F\) diam(Z). (4.12) 

Proof. Let 'zi, 2^2 E Z he such that diam(Z) = d{zi,Z2). It is easy to see that diz^i, F •%) < 
diam(Z). Let Z2 E Z he the projection of % £ Z. Then it is enough to bound || ■ \\geo 
from above on 7Ti{Z,Z2) = F, i.e. to bound the minimal lengths of curves in the classes 
of ni{Z,Z2). From |2^, Proposition 3.22], there is a set of generators of 7ii{Z,Z2) on which 
II ■ Wgeo is bounded above by 2 diam(Z). Given r e N, there is a finite number of groups of 
order r, up to isomorphism, and each of these groups has a finite number of generating sets. 
The lemma follows. D 

Furthermore, there is a universal bound |-F| < const. ( dim (Z)) 0. Hence without loss of 
generality, we may assume that F = {e} so that Z is a nilmanifold r\N. 

Let £"* denote exterior multiplication on Q*{Z) by r* and let P denote interior multipli- 
cation by Cj. From the Bochner formula, if r] G Q*{Z) then 

ijki ^^ 
Using the left-invariant vector fields on N, there is an isometric isomorphism 

Q*{Z) ^ C^{Z) ® A*(n*). (4.14) 

With respect to this isomorphism. 



K 



'' = i^Cj w lu; -r I lu w 

d 

where E^ and I^ now act on A*(n*). It follows that 



e, ® Id) + ( Id ® E 4, E^ /'= j , (4.15) 



{^S.^S)z > 5^((e,®Id)r^,(e,®Id)r^)^ - J^ | J^ ^4, E^' /M^. 

i i j,k (4.16) 



Let A^ be the ordinary Laplacian on C°°{Z). With respect to ( [4.14| ), consider the operator 
Aq (g) Id. We have 

{r], (A^ ® ld)r])z = 5^((e, ® Id)r/, (e, ® Id)r/)z (4.17) 

i 

Using (|0|), (|;T3D, (|16|), ( ^J7|) and Lemma § we obtain 

{r],A^r])z > {v,{Ao ® ^d)v)z - const. || R^ |U l^ll- (4.18) 
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In terms of ([4.14|) , Ker(P) = 1-*- ® A*(n*), where 1 denotes the constant function on 
Z. Thus if r] G Ker('P) then (?], (A^ ® \^'r])z > Ao,2 Ivl'z^ where Ao,2 is the first positive 
eigenvalue of the function Laplacian on Z. There is a lower bound 

Ao,2 > diam(Z)-2/(ll R^ lU diam{Z)^) (4.19) 

for some smooth function / with /(O) > 0. Thus the spectrum of A^ on Ker('P) is 
bounded below by 

diam{Z)-^ [f (|| R^ ||oo diam{Zf) - const. || R^ ||oo diam(Z)2] . (4.20) 

Taking A = | /(O), the proposition follows. D 

5. Affine Fiber Bundles 

In this section we first show that the eigenvalues of a superconnection Laplacian are 
continuous with respect to the superconnection, the Riemannian metric and the Euclidean 
inner product. We then construct the superconnection A' associated to an affine fiber bundle 
M ^ B and prove Theorem |l|. 

Let -B be a smooth connected closed Riemannian manifold. Let E = ®J=qE^ be a Z- 
graded real vector bundle on B. For background information about superconnections, we 
refer to 0, Chapter 1.4], [j^, and |^. Let A' be a degree-1 superconnection on E. That 
is, A' is an M-linear map from C°°{B] E) to VL{B] E) with a decomposition 

dim(B) 
fc=0 

where 

• An, is a connection V^ on E which preserves the Z-grading. 

• For A; ^ 1, A[^-^ G 9!" [B]B.om{E\ E*+^-^)) . 

We can extend A' to an M-linear map on VL{B] E) using the Leibniz rule. We assume that 
A' is fiat, in the sense that 

{Af = 0. (5.2) 

Let h^ be a Euclidean inner product on E such that E^ is orthogonal to E^ if j ^ f . Let 
[A')* be the adjoint superconnection with respect to h^ and put 

A^ = A'{A'y + {A'y A'. (5.3) 

Then A^ preserves the total Z-grading on VL{B] E) and decomposes with respect to the 
grading as A^ = A^ . By elliptic theory, A^ has a discrete spectrum. 

If Qi^ and g2^ are two Riemannian metrics on B and e > 0, we say that gj^ and g2^ 
are e-close if 

e-'gr <9r <e^9r- (5.4) 

Similarly, if hf and /if are two Euclidean inner products on E, we say that hf and /if are 
e-close if 

e-^/if < hf < e^/if. (5.5) 
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If Si = {Ai j} and 5*2 = {^2,j} ai'e two countable nondecreasing ordered sets of nonnegative 
real numbers then we say that 5*1 and 5*2 are e-close if for all j, 



^2,j < Aij < e" A 



2j- 



(5.6) 



For simplicity, we will omit the subscript p, the form degree, in this section when its role 
is obvious. 

Lemma 3. There is an integer J = J(dim(i?)) > such that if gi^ and gj^ are e-close, 
and hf and /if are e-close, then the corresponding Laplacians Af and Af have spectra 
which are Je-close. 

Proof. As in [0, Prop. 3.1], using a trick apparently first due to Cheeger, we can write the 
spectrum of A'^ on Im {{A')*) as 



inf sup sup <; ^^ ■.r] = A'e 

^ ri£V-{0}een{B;E) 



(5.7) 



where V ranges over j-dimensional subspaces of lra{A'). As the Riemannian metric and 
Euclidean inner product only enter in defining (■,■), the lemma follows as in |l^. D 

We will also need a result about how the spectrum of A^ depends on the super connect ion 
A'. Given X G Q{B] End{E)), let || X \\ be the operator norm for the action of X on the 
L^-completion of Q[B] E). If A[ and A2 are two superconnections as above then A[ — ^2 G 
n{B] End(E)). Fix c/™ and h^. 



Lemma 4. For all j G Z+, 

|a,(a;)1/2-a,(a^)V2| < (2 + v^) \\a[-a'. 

Proof. Put X = II A'l — A2 II . If cj G Q{B; E) is nonzero then 



l^i^l 



\A'^uj\ 



\UJ\ 



\UJ\ 



and 



\{A[Yuj\ \{A',yu;\ 



\UJ\ 



\UJ\ 



< 



< 



l(^'l-^2VI 



< X 



\u\ 



\{{A[y - {A',y)u;\ 



< X 



\UJ\ 



Define wi , 1/2 G M^ by 

Vi = 

Then ( |5iq ) and (§J^ imply that 

1(11 ^"2 II - II 
Hence 

\\v2r-\\vir= (II tT2 II - II t/i 



l^-^l l(^D*^l 



u; 



a; 



(5.8) 



(5.9) 



(5.10) 



(5.11) 



Vl 



< II ^^2-^^i II < V2x. (5.12) 

< V2x (^2||t;2 II +V2x 



V2 



Vl 



5.13) 
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SO 



vi f > II V2 f -2 V2a; || V2 \\ - 2 x^ (5.14) 

2 

2 



( II V2 II — V2 xj —Ax 



Thus 

2 



^1 f > max 0, (11 {72 II - V2x) - 4 xM , (5.15) 



or equivalently, 



'"•^^'■">>max(o.f(<";^T'V''-v/2x) -4.M, (5,16) 



{uj,uj) \ \\ {to, to) 

The minmax characterization of eigenvalues 

A,(^') = inf Bup /(i£l^\ (5,17) 

where V ranges over j-dimensional subspaces of VL{B] E), imphes 

Xj{A[) > max (o, (x^^A'^) - V2xV - 4^^ J . (5.18) 

An elementary calculation then gives 

Xj{A[y^^ - XjiA'^y/^ > -{2 + V2)x. (5.19) 

Symmetrizing in A[ and Ag, the proposition follows. D 

Let M be a closed manifold which is the total space of an affine fiber bundle, as in Defini- 
tion |I[ Let T^M be a horizontal distribution on M so that the corresponding holonomy on 
B lies in Aff(Z). lime Zb then using T"M, we can write A*{T^M) = A*{T*B)®A*{T^Zb). 
That is, we can compose differential forms on M into their horizontal and vertical compo- 
nents. Correspondingly, there is an infinite-dimensional Z-graded real vector bundle W on 
B such that Vt*{M) = Vt{B-W)- see @, Section Ill(a)]. A fiber Wb of W is isomorphic 
to VL*{Zb). We will call C'^{B\W) the vertical differential forms. The exterior derivative 
d^^ : n*{M) -^ n*{M), when considered to be an operator d^ : n{B;W) -^ n{B]W), 
is the extension to Q{B] W) of a fiat degree-1 superconnection on W. From P, Proposition 
3.4], we can write the superconnection as 

d^ + V^ + ir, (5.20) 

where 

• d^ E C°°{B; Hom(iy*; 1^*+^)) is vertical differentiation, 

• V^ : C°^{B\ W) —>■ Q^{B; W) comes from Lie differentiation in the horizontal direction 
and 

• It E VL^{B\Y{oin.(W*\W*~^)) is interior multiplication by the curvature 2-form T G 
n^{M-TZ) oiT^M. 
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Acting on Q*{M), we have 

d^ = d^ + d"^ + IT, (5.21) 

where d^ : Q*{B; W) -^ Q*^^{B] W) is exterior differentiation on B using V*^. 

Let E be the finite-dimensional subbundle of W such that Eh consists of the elements of 
Q*{Zh) which are parallel on Zi,. The fibers of E are isomorphic to A*(n*)^ and C'^{B] E) is 
isomorphic to the vertical differential forms on M whose restrictions to the fibers are parallel. 
Furthermore, the superconnection ( |5.20|) restricts to a fiat degree-1 superconnection A' on 
E, as exterior differentiation on M preserves the space of fibrewise-parallel differential forms. 



From (loop 



A" = d^ + y^ + ir, (5.22) 

where d" is the differential on A*(n*)^ and V^ comes from T^M through the action of 
Aff(Z) on A*(n*)^. Acting on n{B; E), we have 

A' = d'' + d^ + ir, (5.23) 

where d^ is exterior differentiation on Q{B; E) using V^. 

Remark : The connection V^ is generally not flat. As A' is fiat, we have 

(V^)' = -(rf"z^ + ^^ci"). (5.24) 

Thus the curvature of V^ is given by Lie differentiation with respect to the (negative of 
the) curvature 2-form T. More geometrically, given b E B, let 7 be a loop in B starting 
from b and let h{'-f) G AS{Zf,) be the holonomy of the connection T^M around 7. Then 
the holonomy of V"^ around 7 is the action of h{'-f) on the fiber Eh. In particular, the 
infinitesimal holonomy of V'^ lies in the image of the Lie algebra aff(Z) in End{Eh). From 
the discussion after ( |3.3|) , aff(Z) lies in Ur. As the elements of Ef, are A^/;^- invariant forms 
on N, they are generally not annihilated by aff(Z). 

Suppose in addition that M is a Riemannian affine fiber bundle, as in Definition |l|. Then 
g^^ induces an L^-inner product h^ on W and a Euclidean inner product h^ on E. Let 
diam(Z) denote the maximum diameter of the fibers {Zh}beB in the intrinsic metric and let 
n denote the second fundamental forms of the fibers. From g^^ , T^M and g^^, we obtain 
a Riemannian metric g'^'^^ on M. Let A*^ denote the Laplacian acting on Q*{M) and define 
A^, acting on Q{B; E), as in ( p.3| ). Let R'^ denote the Riemann curvature tensor of g'^^^ . 

Let P-^*^ be fiberwise orthogonal projection from Q{B; W) to Q{B; E). We claim that V^^^ 
commutes with d^ . Looking at ( ^.5] ), P-^*^ clearly commutes with d^ . Using the fact that 
the holonomy of T^M lies in Aff(Z), it follows from ( |3.5| ) and the proof of Proposition |I| that 
-p/«fe commutes with V^. As T takes values in parallel vector fields on Z, it follows from 
( ^.51 ) and the proof of Proposition |I| that V'^'^^ commutes with i^. Thus V'^'^^ commutes with 
(T^ As the fiberwise metrics are parallel on the fibers, it follows that V^^^ also commutes 
with {d^'y. 

Then with respect to the decomposition Q*{M) = Im(P-^*'') © Ker('P''^*''), A^'^ is isomor- 
phictoA^ © A^'Le.(P/-)- 

Proof of Theorem [I| : From Proposition 0, there is a constant A > so that for 
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all b G B, the spectrum of A^^\j^,^. is bounded below by A ■ diam(Z;,)^^. It suffices to 
show that there is a constant C as in the statement of the theorem such that 

^ (^''lxe.(P/-)) C [^diam(Z)-2 - C (|| R'^ IU + || H ||L + || T ||L) , oo) . 
^ ^ (5.25) 

We use the notation of H, Section 111(c)] to describe the geometry of the fiber bundle M. 
In particular, lower case Greek indices refer to horizontal directions, lower case italic indices 
refer to vertical directions and upper case italic indices refer to either. Let {t*}^!!^ and 
{r"}^*^ be a local orthonormal basis of 1-forms as in 0, Section 111(c)], with dual basis 
{ej}j™ and {ea}a=i ■ Let E-^ be exterior multiplication by r'^ and let /'^ be interior 
multiplication by ej. The tensors 11 and T are parts of the connection 1-form component 
^a = Z]j ^'aj T^ + ^f3 ^a/3 '^^ ^ ^ith Symmetries 

^akj = ^ajk = — ^jak = ~ ^kaji (5.26) 

Given r] G Q*{M), the Bochner formula gives 

PQRS ^M (5.27) 

Here 

yA/ . ^oo(^. j^*rp*M) -^ C°°{M; T*M (g) A*T*M) (5.28) 

is, of course, the Levi-Civita connection on M. We can write V^^ = V^ + V'^ where 

V^ : C°°{M; A*T*M) -^ C°°{M; T'^'^'^M ® A*T*M) (5.29) 

denotes covariant differentiation in the vertical direction and 

V^ : C°°(M; A*T*M) -^ C°°{M] T^°''M ® A*T*M) (5.30) 

denotes covariant differentiation in the horizontal direction. Then 

{v,A'^r^)M = (V^,V%)m + (V^,V^)m + / E RpgRsiE"" I"^ V,E'' I' v) dvolM. 

■^^^PQRS (5.31) 



> {V^'v,^ v)m - const. II R^ lU {v,v)m 

dvol^ dvolB- 




\V^r]\\z)- const. || i?^'' |U \v{z)\^ 

iBJZt 

Let 

yTZ . c'°°(M; A*(T*''^"^*M)) -^ C^{M; T*M O A* {T* '""''' M)) (5.32) 

denote the Bismut connection acting on A*(T*'^^^*M) |^, Proposition 10.2], ||^, Definition 
1.6]. On a given fiber Z^, there is a canonical flat connection on T^°^M\ . Hence we can use 

V^^ to vertically differentiate sections of A*(r*M) = A*(T*''''^^*M) ® A*(r*''^°^M). That is, 
we can define 

yTZ . ^oo(^. A*(T*M)) -^ C^{M] T*'''^''^M ® A*{T*M)) (5.33) 
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Explicitly, with respect to a local framing, 

Vl^V = e^v+Yl <i E' ^' 1 (5-34) 

and 

K^ = ^l-v + E <^ ^' i^'v + Yl <^ ^" I'v + Yl ^% ^" ^^ ^- 

ja ak af3 (5.35) 

Then from ( ^.34|) and (|5.35| ), 



(V^r7,V^r7)M > / / [IV^^^I'W -const. (II T,f + \\ U, f) \r]\^ (z)] rfvol^, rfvob. 
JbJz, (536) 

On a given fiber Zb, for rjz^ G Q*{Zb), we have 

■^^b ijki -^^b (5.37) 

If r]z, e Ker (V) then 

(r/, A^^r])z, > A dmm{Z,)-^ (77, 7])z,. (5.38) 

Hence 



/ \V^^''Vzf{z)dYo\z, > {Admm{Zh)-^ -const. || i?^MIoo) (^,^)i 



(5.39) 



From (5.31), (g^ and (|;39D, if r/ G Ker {V^'^) then 



(r/, A^^r7)M > (Adiam(Z)-2 - const. (|| i?"' |U + || T \\l + \\ U \\l + \\ R^ |U)) {v,v)m. 

(5.40) 

Using the Gauss-Codazzi equation, we can estimate || R^ ||oo in terms of || R'^^ ||oo and 
II n 11^. The theorem follows. 

6. Collapsing to a Smooth Base 

In this section we prove Theorem ^ concerning the spectrum of the Laplacian A*^ on a 
manifold M which is Gromov-Hausdorff close to a smooth manifold B. We prove Theorem 
^, showing that the pairs {A', h^) which appear in the conclusion of Theorem |^ satisfy a 
compactness property. We then prove Theorem ^, relating the spectrum of A^^ to the spec- 
trum of the differential form Laplacian on the base space B. 

Proof of Theorem ^ : For simplicity, we will omit reference to p. Let g^^^ denote 
the Riemannian metric on M. From [|l^ or Lemma ^, if a Riemannian metric g^^'^ on M is 
e-close to Qq'^^ then the spectrum of A*^, computed with gl'^^ , is Je-close to the spectrum 
computed with g^^^ . We will use the geometric results of |jT2[ to find a metric g™ on M 
which is close to g^^^^ and to which we can apply Theorem |I]. 

First, as in |jl2|, (2.4.1)], by the smoothing results of Abresch and others [0, Theorem 
1.12], we can find metrics on M and B which are e-close to the original metrics such that 
the new metrics satisfy || V*-R ||oo < Ai{n,e) for some appropriate sequence {v4j(n, e)}^Q. 
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By rescaling, we may assume that || i?^^ ||oo < 1, || R^ \\oo ^ 1 and inj(i?) > 1. Let g™ 
denote the new metric on M. We now apply fl^ , Theorem 2.6], with B fixed. It imphes 
that there are positive constants X{n) and c{n,e) so that if dGH{M,B) < X{n) then there 
is a fibration f : M -^ B such that 

1. diam(/-i(6)) < c{n,e)dGH{M,B). 

2. / is a c{n, e)-almost Riemannian submersion. 

3. II n/-i(fo) ||oo< c(n,e). 

As in [^, the Gauss-Codazzi equation, the curvature bound on M and the second funda- 
mental form bound on f~^(b) imply a uniform bound on < || R^ ^''^ \\oo\ ■ Along with the 

I J beB 

diameter bound on f~^{b), this implies that if dGH{M,B) is sufficiently small then f~^{b) 
is almost fiat. 

From |]T2|, Propositions 3.6 and 4.9], we can find another metric (y'J*''^ on M which is e-close 
to gf^^ so that the fibration f : M ^ B gives M the structure of a Riemannian affine fiber 
bundle. Furthermore, by 0, Proposition 4.9], there is a sequence {A[{n,e)}°lQ so that we 
may assume that gj'^^ and gj'^^ are close in the sense that 

II V^ (^™ - ^2™) Hoc < Ain, e) dcHiM, B), (6.1) 

where the covariant derivative in (|6.1| ) is that of the Levi-Civita connection of ^f™. (See 
also [0, Theorem 1.1] for an explicit statement.) In particular, there is an upper bound on 
II R^^gl^) II oo in terms of 5, n, e and K. 

We now apply Theorem [^ to the Riemannian affine fiber bundle with metric (7™. It re- 
mains to estimate the geometric terms appearing in (1.3). We have an estimate on || 11 ||oo 
as above. Applying O'Neill's formula |p, (9.29c)] to the Riemannian affine fiber bundle, we 
can estimate || T ||^ in terms of || R^^ ||oo and || R^ ||oo- Putting this together, the theorem 
follows, n 

The vector bundles E and Euclidean inner products h^ which appear in Theorem |^ are 
not completely arbitrary. For example, E^ is the trivial M-bundle on B. More substantially, 
if i? is a real Z-graded topological vector bundle on 5, let Ce be the space of grading- 
preserving connections on E, let Qe be the group of smooth grading-preserving GL{E)- 
gauge transformations on E and let I-Le be the space of graded Euclidean inner products on 
E. We equip Ce and TIe with the C°°-topology. Give {Ce x 'He)/Qe the quotient topology. 
Let V'^ denote the connection part Am, of A' . 

Proposition 3. In Theorem |^, we may assum,e that E is one of a finite number of isomor- 
phism classes of real Z-graded topological vector bundles {Ei} on B. Furthermore, there are 
compact subsets CEi C {Ce^ x TiEj/GEi depending on n, e and K , such that we may assume 
that the gauge- equivalence class of the pair (V'^, h^^ lies in Ce- 

Proof. As the infinitesimal holonomy of the connection T^M lies in aff(Z) = n^, its action 
on n, which is through the adjoint representation, is nilpotent. Hence its action on A*(n*)^ 
is also nilpotent. Given b E B, it follows that the local holonomy group of T^M at b acts 
unipotently on Ef,. Then the structure group of E can be topologically reduced to a discrete 
group and so E admits a fiat connection. The dimension of E is at most 2'^'™(*^)~*^™(-^). 
By an argument of Lusztig, only a finite number of isomorphism classes of real topological 
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vector bundles over B oi a given dimension admit a flat connection |2^, p. 22]. This proves 
the flrst part of the proposition. 

To prove the second part of the proposition, we will flrst reduce to the case F = {e}. 
Recall that Z is a nilmanifold which covers Z, with covering group F. Given g e Aff(Z), 
we can lift it to some ^ G Aff(Z). There is a automorphism ag G Aut(-F) such that for all 
/ G F and zeZ, 

ag{f)-z= {gfr'){z). (6.2) 

Considering the different possible liftings oi g, we obtain a well-deflned homomorphism 
Aff(Z) — ^ Out(-F). Then there is an exact sequence 

1 — > AS{Zf — > Aff(Z) — > Out(F). (6.3) 

Let P be the principal Aff(Z)-bundle such that M = PxAff(z) Z. Put M = P>^Aff(zW ^■ 

Then M is an affine flber bundle which regularly covers M, with the order of the covering 
group bounded in terms of \F\. Again, there is a uniform upper bound on \F\ in terms of 
dim(Z) 1^. Instead of considering M, it suffices to consider M and work equivariantly with 
respect to the covering group. Thus we assume that Z is a nilmanifold, with F C Nl and 
F = {e}. 

As the flber of E^ is A''(n*), it suffices to prove the second part of the proposition for E^, 
with flber n*. Let us consider instead for a moment {E^)*, with flber n. With respect to 
the lower central series ( |1.8| ) of n, let {E^)^^^^ be the vector bundle associated to P with flber 
nLi. Then there is a flltration 

{E^ = {E% D iE% D ... D iE%^ D 0. (6.4) 

Let 5*^/ be the set of splittings of the short exact sequences 

-^ iE%^i] -^ iE% ^ iE')yiE%^^} -^ 0. (6.5) 

Put V[,] = {E%^/iE%^,^ and 

s 
V = 0V[.]. (6.6) 

fc=0 

Let Tiv be the set of graded Euclidean inner products on the Z-graded real vector bundle 
V. A Euclidean inner product h^^ ^* determines splittings {sfe}f~Q of ( |6.5| ) and a Euclidean 
inner product h^ G Tiy Conversely, one recovers h^^ ^* from the splittings {sk}fZo ^^^ ^^• 
Thus there is an isomorphism 7i(£;i)* = 5*^/ x Tiy 

Let Cfii denote the set of connections on {E^)* which preserve the flltration ( |6.4|) . Let 
Cy be the set of connections on V which are grading-preserving with respect to ( |6.6|) . Let 
End^(V) be the set of endomorphisms of V which are strictly lower-triangular with respect 
to (^. Given f\/(i^')\h{E'r\ ^ q^.^ ^ Ui^E^y, let i : {E^f -> V be the isomorphism 



induced by h^^ )*. Then i o V^^ ">* o i ^ & C\> ^ ^^ [B; End^(V)). In this way there is an 
isomorphism 

Cfii X Hf^Ei), ^ Cv X fii {B; End<(V)) x Spl x Hy. (6.7) 
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Let Qfii be the set of filtration-preserving gauge transformations of (E^)* and let Q\; be the 
set of grading-preserving gauge transformations of V. Note that the set of sphttings of ( |6.5|) 
is acted upon freely and transitively by the gauge transformations of (-E^)?^] which preserve 
(£^^)n;._^^j and act as the identity on {E^)*^,^J {E^)l^^y It follows that Ker {Qju -^ ^v) acts 
freely and transitively on Spl. Then 

{Cf^i X n^Ery.) /Ker {Gfu -^ Gv) =Cvxn' [B- End<(V)) x Hv (6.8) 

and so 

{Cfu X n^E.y) iGja ^ (Cv X fii {B- End<(V)) x Hv) /Gv (6.9) 

There is an obvious continuous map {Cfu x H^E^y) /Gfu -^ {C{e'^)* x Hi^E^)*) /G{e^)*- 

As Aff(Z) preserves the lower-central-series filtration of n, in our case the dual connection 
to V^ lies in Cfu. Then considering dual spaces in ( |S.9D , it is enough for us to show that 
there is a compact subset of 

{Cv* X n^ {B; End>(V*)) x Hy*) /Gv (6.10) 

in which we may assume that the gauge-equivalence of the pair ( V^ , h^ 1 lies. We can 

then map the compact subset into (C^ji x He^) /Ge^- 

As the local holonomy of E^ comes from an A'^R-action, it factors through the coadjoint 
action of A^ on n*. Letting V^* = 0^=^ V [*i be the component of V-^ in Cy, it follows 
that the local holonomy of V ''=1 is trivial and so V ['=1 is fiat. We first claim that there is 
a compact subset Cy* C ( Cy* x Tiy* ) /Gvr such that we may assume that the gauge- 

[k\ y [k\ [k] J [k\ 

equivalence class of the pair f V ^'^\h '*! j lies in Cy . 

For simplicity of notation, fix /c G [0,5'] and let £ denote Vf^y Let J-'s be the space of 
flat connections on £, with the subspace topology from Cs. We will show that there is a 
compact subset of (JF^- x 'Hs)/Ge in which we may assume that the gauge-equivalence class 
of the pair (V^, /i^) lies. Then the claim will follow from mapping the compact subset into 
{Ce^ne)/Ge. 

Let £ be the lift of £ to the universal cover B of B. Fix a basepoint Bq & B with projection 
6o € -B, and let £^ be the fiber of £ over Bq. Then a fiat connection V^ gives a trivialization 
£ = B X £i . Let p : t^i{B, bo) — > Aut(5j; ) be the holonomy of V^. Then a Euchdean inner 
product h^ on £ can be identified with a Euclidean inner product h^ on £ which satisfies 

h'ir'b) = p{^fh'Cb)p{l) (6.11) 

for all 7 G 7ri(_B,6o) and b E B. In short, we can identify (JF^ x 'Hs)/G£ with the pairs 
p,h^] satisfying (|6.11|) , modulo Aut(5g ). We can use the Aut(5g )-action to identify 5g 



JV 



with M , with the standard inner product h . If we put 



Xs =\ fp, h^) G Hom(7ri(5, bo), GL{N, R)) x H^^^^ : h^{bo) = h^'' and for all 

"■^ ^ (6.12) 

7 G MB, bo) and 6 G 5, /i^(7"^6) = p{^)^ h^{b) p{^)} 
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then we have identified [Ts, x 'Hs)/Qs with Xg/0{N). Let {7^} be a finite generating set 
of 7ri(i?, 6o)- The topology on X^ comes from the fiber bundle structure 

X^^Hom(7ri(5,6o),GL(A^,M)), (6.13) 

whose fiber over p G Hom(7ri(i?, bo), GL(A^, M)) is 

Ih^e n^^^N : h^iho) = h^"" and for all 7 G 7ri(5, 60) and beB, (6.14) 

h^{^-H) = p{^Y hKh) p{i)\ 

Here Hom(7ri(i?, 60)7 GL(A^, R)) has a topology as a subspace of GL(A^, R)'''''^^ and the fiber 
(6.14) has the C°°-topology. Thus it suffices to show that (p,h^\ lies in a predetermined 

compact subset Cg of Xg. 

By [^, (1-7)], we may assume that we have uniform bounds on the second fundamental 
form n of the Riemannian affine fiber bundle M, along with its covariant derivatives. As 11 
determines how the Riemannian metrics on nearby fibers vary (with respect to T^ M), and 
h^ comes from the inner product on the parallel differential forms on the fibers {Zi,}i,(zb, we 
obtain uniform bounds on [h^^^ (\/^^h^^) and its covariant derivatives. In particular, we 

also have a uniform bound on (^/i^) (V^/i^) and hence on (h^) (dh^j. For the finite 

generating set {7^}, using the fact that h^ibo) = h^ , we obtain in this way uniform bounds 
on {h^i'jj^ bo)}. The equivariance ( |6.11| ) then gives uniform bounds on {pi'Jj)^ pi'Jj)} and 
hence on {p(7j)}. Thus p lies in a predetermined compact subset of the representation space 
Hom(7ri(i?, bo), GL(A^, M)). Given p, the uniform bounds on the covariant derivatives of h^ 
over a fundamental domain in B show that we have compactness in the fiber (6.14). As 
these bounds can be made continuous in p, the claim follows. 

Fix a Euclidean inner product h^* on V*. Given a pair (V^*, h^*) G Cy* x Hy*, we can 
always perform a gauge transformation to transform the Euclidean inner product to /iq*. 
Let Oy* be the orthogonal gauge transformations with respect to h^* . Then we can identify 
(Cv X Hy*) /Qy* with Cy*/Oy*. Similarly, 

(Cv* X fii (fi;End>(V*)) x Hv*) /Gv* = {Cv* x fi^ (B; End>(V*))) /Oy*. 

(6.15) 

There is a singular fibration p : (Cy* x Vl^ (B; End^(V*))) /Oy* -^ Cv/Oy*. The fiber over 
a gauge-equivalence class [V^*] is Q^ (5; End^(V*)) /G, where G is the group of orthogonal 
gauge transformations which are parallel with respect to V^* . In particular, upon choosing 
a basepoint bo & B, we can view G as contained in the finite-dimensional orthogonal group 

From what we have already shown, we know that we are restricted to a compact subset of 
the base {Cy* x TYy.) /Q^* = Cy* /O^* of the singular fibration p. Let ( V^ j be the adjoint 

connection to V^ with respect to h^ . The uniform bounds on (h^ \ f V^ h^ 1 and its 
derivatives give uniform C°°-bounds on the part of V^ which does not preserve the metric 
h^ , i.e. on V'^ — ( V^ 1 G i7^(i?; End(-E^)). In particular, using the upper triangularity 
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of V'^ , we obtain uniform C°°-bounds on the part of V^ in fi^ (5; End^(V*)). As the 
bounds can be made continous with respect to [V^ ] G Cv/Ov? we have shown that there 
is a fixed compact subset of (Cv x Vl^ (^B; End^(V*)) x TYy) /Gv* in which we may assume 
that the pair (v^\h^^^ hes. 

To summarize, we have shown that the topological vector bundle E^ has a flat structure 
V*, with flat connection V^ . We showed that there are bounds on the holonomy of V^ 
which are uniform in n, e and K. We then showed that h^ and V^ — V^ are C°°-bounded 
in terms of n, e and K. (More precisely, we showed that these statements are true after an 
appropriate gauge transformation is made.) The proposition follows. D 

Let Se be the space of degree-1 superconnections on E, with the C°°-topology. 

Proposition 4. With reference to Proposition \^, there are compact subsets De^ C {Se^ x 
'HEi)/QEi depending on n, e and K such that we may assume that the gauge- equivalence 
class of the pair (A', /i^) lies in De- 

Proof. Let E be as in Proposition ^ As in the proof of Proposition |^, upon choosing /i^, 
we have identifications {Ce x T-Ce)/Qe — Ce/Oe and {Se x 'He)/Ge — Se/Oe- There is a 
singular fibration p : Se/Oe -^ Ce/Oe coming from the projection A' — > AL. The fiber of 

p over a gauge equivalence class [V'^j is ^^^^^^Q''{B;End{E*,E*'^^))/G, where G is the 
group of orthogonal gauge transformations which are parallel with respect to V^. 

From Proposition ^, we know that we are restricted to a compact subset of the base 
{Ce X He)/Ge — Ce/Oe- The superconnection on E has the form ( ^.22|) . We measure 



norms on Q{B; End(£')) using Hq. The differential d" comes from exterior differentiation on 
the parallel forms on the fibers of the Riemannian afiine fiber bundle. Note that as A' is flat, 
d" is parallel with respect to V^. As we have a uniform (n, e and i^)-dependent bound on 
the curvatures of the fibers Z, Lemma |l| gives a uniform bound on the structure constants 
{c* ;,} and hence a uniform bound on || rf" ||oo- The operator iy is also parallel with respect 
to V'^. From O'Neill's formula |^, (9.29)], we obtain a uniform bound on || i^ ||oo- Thus 
we have uniform C°°-bounds on A' — V^ G Q{B; End(-E)) and so we have compactness in 
the fibers of p. As the bounds can be made continuous with respect to [V^] G Ce/Oe, the 
proposition follows. D 

Propositions ^ and ^ prove Theorem ^ 

We will need certain eigenvalue statements. Let £^ be a Z2-graded real topological vec- 
tor bundle on a smooth closed manifold B. Let S^ be the space of superconnections on 
£, let Qs be the GL(£)-gauge group of S and TCs be the space of Euclidean metrics on 
S. Fix a Euclidean metric /iq G Tie. Given a pair (A', /i^) & S^ x Ti^, we can always 
perform a gauge transformation to transform the Euclidean metric to /iq. Let O^ be the 
group of orthogonal gauge transformations of S with respect to h^. Then we can identify 
{Sg X H£)/Ge with Sg/Og. Given A' G Ss, let {A')* be its adjoint with respect to h^ and put 
Aa' = A' {A'Y + {A')* A', acting on n{B; £). For j G Z+, let /i^ {A') be the j-th eigenvalue 
of A^/, counted with multiplicity. It is (9£:-invariant. Equivalently, ^j is ^^--invariant as a 
function of the pair {A\ h^). 

Proof of Theorem HI : As ii^^ admits a flat connection there is some r G N such that for 
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all p, E^ ® W is topologically isomorphic to the trivial vector bundle B x ]R'"''^(^''). Hence 
E IR^ is topologically isomorphic to the Z-graded trivial vector bundle £ = B x W^''^^\ 

For simplicity, we omit reference to p. In view of Theorem |^, it suffices to show that there 
is a positive constant D{n,e,K) such that \Xj{B;Ey/^ - X'j{By^'^\ < D{e,n,K). 

The operator A-^ ® Id on fl{B; E) ® M'' has a spectrum which is the same as that of 
A^, but with multiplicities multiplied by r. Hence it is enough to compare the spectrum of 
A^ (g) Id, acting on Q[B; E W), with that of the standard Laplacian on Q{B] S). 

From Theorem ^ we may assume that the gauge-equivalence class of the pair {A', h^) 
lies in a predetermined compact subset D C {Se x He)/Ge- Put A[ = A' ® Id, acting on 
Q{B; E ® R*^), and put hi = h^ ® h^" on E ^ W. Using the isomorphism S = E ^W, 
we may assume that the gauge-equivalence class of the pair {A[, hi) lies in a predetermined 
compact subset Di C {Sg x 'He)IGe- 

Let A'2 be the trivial flat connection on £ and let /i2 be the product Euclidean inner 
product on £. With an appropriate gauge transformation g G Qsi we can transform {A\, hi) 
to {g ■ A[, h2) without changing the eigenvalues. Under the identification {Ss x l-is)IGe = 
Se/Os, we can assume that the equivalence class of g ■ A[ in Ss/Os lies in a predetermined 
compact subset D2 C Ss/Os- 

The eigenvalues of the Laplacian associated to the superconnection A'^ and the Euclidean 
inner product /i2 are unchanged when the group of orthogonal gauge transformations Os 
acts on A'^. Consider the function I : Ss x Ss ^^"^ given by 

/(A;,A^) = inf \\g'.A,-A,\\. (6.16) 

An elementary argument shows that / is continuous. Hence it descends to a continuous 
function on {Ss/Os) x (Ss/Os). Applying Lemma ^to g' ■ {g ■ A[) and A'2, the compactness 
of D2 and the finiteness statement in Theorem 3 give the desired eigenvalue estimate. The 
theorem follows. D 

7. Small Positive Eigenvalues 

In this section we characterize the manifolds M for which the p-form Laplacian has small 
positive eigenvalues. We first describe a spectral sequence which computes the cohomology 
of a fiat degree-1 superconnection A'. We use the compactness result of Theorem ^ to show 
that if M has j small eigenvalues of the p-form Laplacian, with j > hp{M), and M collapses 
to a smooth manifold B then there is an associated fiat degree-1 superconnection A'^ on B 
with dim(iP{A'^)) > j. We then use the spectral sequence of A'^ to characterize when this 
can happen. In Corollary |l| we give a bound on the number of small eigenvalues of the 1-form 
Laplacian. In Corollary |^ we give a bound on the number of small eigenvalues of the p-form 
Laplacian when one is sufficiently close to a smooth limit space of dimension dim(M) — 1. 
Theorem |^ describes when a collapsing sequence can have small positive eigenvalues of the 
p-form Laplacian, in terms of the topology of the affine fiber bundle M -^ B. Corollary 
^ gives a precise description of when there are small positive eigenvalues of the 1-form 
Laplacian in a collapsing sequence. In Corollaries ^ and ^ we look at collapsing sequences 
with limit spaces of dimension 1 or dim(M) — 1, respectively. Finally, given an affine fiber 
bundle, in Theorem ^ we give a collapsing construction which produces small eigenvalues of 
the p-form Laplacian. 
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In the collapsing arguments in this section, when the limit space is a smooth manifold, 
we can always assume that its Riemannian metric is smooth. At first sight the smoothness 
assumption on the metric may seem strange, as the limit space of a bounded-sectional- 
curvature collapse, when a smooth manifold, generally only has a C^'"-metric. The point 
is that we are interested in the case when an eigenvalue goes to zero, which gives a zero- 
eigenvalue of A^ in the limit. The property of having a zero-eigenvalue is essentially topo- 
logical in nature and so will also be true for a smoothed metric. For this reason, we can 
apply smoothing results to the metrics and so ensure that the limit metric is smooth. 

Let B he a smooth connected closed manifold. Let E = ©"Lq-^"' tie a Z-graded real vector 
bundle on B and let A' = X]j>o ^m ^^ ^ ^^^ degree-1 superconnection on E. Let IP^A') 
denote the degree-p cohomology of the differential A' on Q{B; E), where the latter has the 
total grading. Given a,b &N, we will write a;"''' for an element of Q°-{B] E^). 

In order to compute }P{A'), let us first consider the equation A'uj = 0. Putting 

u = u;P'° + cu^-i'i + cuP-2'2 + . . . , (7.1) 

we obtain 

(Ajo] + 4] + 4, + ...) {u^'^ + u^-''' + u^-''' + ...) =0, (7.2) 

or 

4 ^''° = 0' (7-3) 

4 co^-''' + A[^ c.^'° = 0, 



We can try to solve these equations iteratively. 

Formalizing this procedure, we obtain a spectral sequence to compute IP {A'). Put Eq = 
fi"(5; E'') and define do : Eq''' -^ Eq'''^^ by do uj"'^ = A^q] uj^^K For r > 1, put 

^„,, ^ {{uJ-'-'''-rs=o : for < 3 < r - 1, ^lo 4-^] ^"^*'''* = 0} 

{{w"+''''-'}s=o : w"+«'''-« = ^'^0 4_,j Q'^+i^b-t-i for some {^'^+^'''-^-^1=0} (7 4) 
Define a differential d, : E^^'' -^ ^a+r,b-r+i |^y 

(7.5) 

Then Er+i = KeT{dr)/lm{dr). The spectral sequence {E*'*}^q has a limit E^* with 

H^(A') = E^^ (7.6) 

a+b=p 

From p. Proposition 2.5], for each 6 G N, H (^joi) ^^ ^ ^^^ vector bundle on B. Then 

E^''' = Q''{B;E^), (7.7) 

Et''' = n^{B;R\A[,^)), 
Ef = H"(fi;H^(4))). 
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Example 4 : If M — > i? is a fiber bundle, E is the infinite-dimensional vector bundle 
W of vertical differential forms p], Section 111(a)] and A' is the superconnection arising 
from exterior differentiation on M then we recover the Leray spectral sequence to compute 

H*(M;R). 

Example 5 : If M ^ i? is an affine fiber bundle, E is the vector bundle of parallel 
differential forms on the fibers and A' is as in ( p.22| ) then it follows from p8| . Corollary 7.28] 



that E*'* is the same as the corresponding term in the Leray spectral sequence for H*(M; M) 
if r > 1. 

Suppose that M is a connected closed manifold with at least j small eigenvalues of Ap 
for some j > bp(M). Consider a sequence of Riemannian metrics {gi}'^i in Ai{M, K) with 
limj^oo Apj(M, (yfj) = 0. As in the proof of Theorem ||, for any e > there is a sequence 
{y4fc(n, e)}^Q so that for all i, we can find a new metric g[ on M which is e-close to (^j, 
with II V'^R^lg'j) ||oo < Ak{n,e). Fix e to be, say, |. From fl^ or Lemma ||, we have that 



Xpj{M, g\) is Je-close to Apj(M, gi) for some fixed integer J. Thus without loss of generality, 
we may replace gi by g[. We relabel g[ as gi. 

As i > bp(M), there must be a subsequence of {(M, ^fj)}^^ which Gromov-Hausdorff 
converges to a lower- dimensional limit space X. That is, we are in the collapsing situation. 



Suppose that the limit space is a smooth manifold B. From [jT2|, Section 5], the regularity 
of the metrics on M implies that B has a smooth Riemannian metric g^^ . (We are in the 
situation in which the limit space X of the frame bundles, a smooth Riemannian manifold, 
has an 0(?T,)-action with a single orbit type.) From Theorem |^, for large i there are vector 
bundles Ei on B, flat degree- 1 superconnections A^ on Ei, and Euclidean inner products 
h^' on Ei such that Xpj{M,gi) is e-close to Xpj{B] Ei). From Theorem ^, after taking a 
subsequence we may assume that all of the E'j's are topologically equivalent to a single vector 
bundle E on B, and that the pairs {^A[, /z.^') converge after gauge transformation to a pair 
(^A'^,h^°°y Then from Lemmas ^ and ^, the Laplacian associated to (^A'^,h^°°) satisfies 
dimKer (Af") > j. Applying standard Hodge theory to the superconnection Laplacian A^, 
we obtain dim{}P{A'^)) > j. On the other hand, looking at the E2-teTm. of the spectral 

sequence gives dim (H^(A'^)) < Ea+6=pdim (h'^(5; H^(A'^ [oj)). Thus 

J < J2 dim(H'^(i?;H^(A'^,[o])))- (7-8) 

a+b=p 

Proof of Corollary |l| : In the case p = 1, we obtain 

J < dim {U'iB; HO(A'^,[o])) + dim (H°(5; H^A'^^^,^)) . (7.9) 

As H°(A'^ [0]) is the trivial M-bundle on B, dim (r^B; H°(A'^ [qj)) = bi(5). As A'^ [qj acts 
by zero on i?°, there is an injection H^(A'^ tq,) — >■ E^. Then 

dim(H°(5;H^(A'^^[oj))) < dim {}l\A'^^^,^)) < dim {E') < dim(M) - dim(5). 

(7.10) 
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Thus j < hi{B) + dini(M) — dim{B). On the other hand, the spectral sequence for 
H*(M;M) gives 

H^(M;M) = H^(fi;R) © Ker (H°(S; H^(Z; M)) ^ H2(5; M)) . (7.11) 

In particular, hi{B) < bi(M). The corollary follows. D 

Remark : Using heat equation methods [§] one can show that there is an increasing 
function / such that if Ric(M) > — (n — 1) A^ and diam(M) < D then the number of small 
eigenvalues of the 1-form Laplacian is bounded above by f{XD). This result is weaker than 
Corollary |1| when applied to manifolds with sectional curvature bounds, but is more general 
in that it applies to manifolds with just a lower Ricci curvature bound. 

Proof of Corollary Q : From Fukaya's fibration theorem, if a manifold M" with || i?^^ ||oo 
< K is sufficiently Gromov-Hausdorff close to B then M is the total space of a circle bundle 
over B. Suppose that the claim of the corollary is not true. Then there is a sequence of 
connected closed n-dimensional Riemannian manifolds {{Mi, gi)}'^^ with || R^^^{gi) ||oo< -^ 
and limj_^oo Mi = B which provides a counterexample. As there is a finite number of iso- 
morphism classes of fiat real line bundles on B, after passing to a subsequence we may 
assume that each Mi is a circle bundle over B with a fixed orientation bundle O and that 
limj^oo Apj(Mj,fyfj) = for j = hp{B) + hp-i{B]0) + 1. Following the argument before 
the proof of Corollary |l|, we obtain E = E^ (B E^ on B, with E^ a trivial M-bundle and 
E^ = O, and a limit superconnection A'^ on E with A'^ rg, = and A'^ m, = V"^, the 
canonical fiat connection. Then as in ( |7.^ ), we obtain 

J < hp{B) + bp_i(5;0), (7.12) 

which is a contradiction. 

Proof of Theorem ^ : As in the proof of Theorem |^, without loss of generality we 
may assume that each (M, Qi) is a Riemannian affine fiber bundle structure on the affine 
fiber bundle M -^ B. Suppose that for each q G [0,p], bq{Z) = dim (A'?(n*)'^) and the 
holonomy representation of the fiat vector bundle H'^(Z; M) on B is semisimple. Let E ^ B 
be the real vector bundle associated to the affine fiber bundle M — >■ 5 as in Section ^. 
Then E = H*(Z;M). The superconnection A'^ on E, from Section ^, has A'^ r^-, = and 
^'e\i] ~ ^^' ^^^ canonical fiat connection on E = H*(Z;]R). As the affine fiber bundle is 
fixed, each Ei equals E and each A'- equals A'^. However, the Euclidean metrics {hf}°l^ 
on E vary. There is a sequence of gauge transformations {gi}°Zi so that after passing to a 
subsequence, limj.^oofi'i ■ {A'-,hf) = {A'^,h^) for some pair {A'^,h^). Clearly A'^^^j = 
and A'^ m, = linij^oo Oi ■ V^. As the holonomy representation of H'^(Z; M) is semisimple for 
q G [0,p], the connection A'^ \i]\ei ^^ gauge-equivalent to V'^^ That is, the connection does 
not degenerate. (In the complex case this follows from p5|. Theorem 1.27] and the real case 
follows from ||2^, Theorem 11.4].) 



Equation (|7.8|) now implies that 



J < J2 dim(H"(5;H^(Z;M))). (7.13) 

a+b=p 
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If the Leray spectral sequence to compute H* (M ; M) degenerates at the E2 term then 

hp{M) = ^ dim(H"(5;H^(Z;R))), (7.14) 

a+b=p 

which contradicts the assumption that j > bp(M). D 

Example 6 : Let Z be an almost flat manifold as in Example 1. Put M = Z x B. 
If there is a sequence of affine-parallel metrics on Z which give it Vp small eigenvalues of the 
p-form Laplacian then M has Yla+b=p'^a- ' ^b{B) small eigenvalues of the p-form Laplacian. 
This gives an example of Theorem |^. 1 . 



Example 7 |^ : Let N be the Heisenberg group of upper- diagonal unipotent 3x3 
matrices and let F be the integer lattice in G. Put M = r\N. Then M fibers over S^, the 

fiber being T^ and the monodromy being given by the matrix j „ , J . One has bi(M) = 2, 

but for any K > 0, ai^s^K = 0. That is, one can collapse M to a circle by a sequence of 
affine-parallel metrics, while producing 3 small eigenvalues of the 1-form Laplacian. This 
gives an example of Theorem |.2. 

Example 8 : Consider M as in Example 2. If the Leray spectral sequence to com- 
pute H^(M; R) does not degenerate at the E2 term then there are small positive eigenvalues 
of the p-form Laplacian on M. This gives an example of Theorem ^.3. 

Proof of Corollary ^ : The affine fiber bundle M ^ B induces a vector bundle E —* B 
and a fiat degree-1 superconnection A'^, as in Section |^. As in Example 5, the spectral 
sequence associated to A'^ is the same as the Leray spectral sequence to compute H*(M; R). 
Let A'^ denote the limit superconnection arising as in the proof of Theorem |^. The spectral 
sequence for H*(A^) gives 

R'iA'J = R'iB-R) © KeT{R\B;I{\A'^^[,^))^R'iB;R)). (7.15) 

In particular, 

dim{R\A'j) = bi(5) + dim(Ker(H°(5;Hi(A'^,p]))^H2(i?;R))). 

(7.16) 

We wish to compare this with the corresponding spectral sequence for H.*{A'^), i.e. ( [7.11| ). 
Suppose that the differential d2 '■ H''(i?; II^(Z; R)) -^ II^(i?;M) vanishes. Then from 

bi(M) = hi{B) + dim(H°(5;Hi(Z;R))). (7.17) 

By assumption, dim (11^(^4^)) = j > bi(M). This implies that 

dim (H°(fi; Hi(A'^,p]))) > dim (H°(S; E\Z; R))) . (7.18) 

In terms of the original superconnection A'^, we have that H^(Z; M) is a fiat subbundle of 
II^(y4'^ rg,). After taking limits, we obtain a fiat subbundle H^(Z;R)oo of H^(y4'^ ,q,). Here 
the fibers of H^(Z;R)oo are again isomorphic to the first real cohomology group of Z, but 
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the flat structure could be different than that of the bundle which we denoted by H^(Z; 
In particular, 



dim(H°(5;H^(Z;M)oo)) > dim (H°(S; H^(Z; M))) . (7.19) 



Clearly 



dim(HO(fi;Hi(A'^p]))) > dim{R\B;}i\Z;RU)) . (7.20) 

Then from ( [7.18|) , we must have 

dim(H°(S;Hi(Z;M)oo)) > dim{B.°{B;R\Z;R))) . (7.21) 

or 

dim(HO(fi;Hi(A:^_[o]))) > dim{li\B;R\Z;R)^)) . (7.22) 



If ( 7.21 ) holds then the holonomy representation of the flat vector bundle H^(Z;M) 



must have a nontrivial unipotent subrepresentation (see [^, Theorem 11.4 and Proposi- 
tion 11.14]). If (|7.22| ) holds then there is a nonzero covariantly-constant section of the 



vector bundle jj-i(^'^j"' on B, where the flat connection on jj-i(^^f' is induced from the 
flat connection on II^(A'^ ,q,). This proves the corollary. D 

Proof of Corollary |^ : Suppose that for q E {p — l,p}, bg{Z) = dim (A''(n)^). From 
the Leray spectral sequence, B.p{M) = Ker(<l>P - /) © Coker(<l>P-i - /). Let }i*{Z;R)^ 
denote the limiting flat vector bundle on 5*^, as in the proof of Corollary ^, with holonomy 
<!>P^ e Aut{W{Z;R)). The spectral sequence for B.*{A'^) gives W{A'^) ^ Ker(<l>^ - /) © 
Coker($P^i-/). We have dim (Ker($P„ - J)) > dim (Ker(<l>P - /)) and dim (Coker(<l>^ - /)) > 
dim(Coker($P-/)). By assumption, j = dim(HP(A'^)) > dim(HP(M;M)) = bp(M). If 
dim (Ker($^ — J)) > dim (Ker($^ — /)) then $^ must have a nontrivial unipotent sub- 
factor. Similarly, if dim (Coker($^ — /)) > dim (Coker($P — J)) then $p~^ must have a 
nontrivial unipotent subfactor. D 

Example 9 : Suppose that the affine fiber bundle M ^ S^ has fiber Z = T^. If M 
has a S'oZ-geometry or an R^-geometry then Corollary ^ implies that there are no small 
positive eigenvalues in a collapsing sequence associated to M — ^ S"^. On the other hand, if 
M has a Nil geometry then Example 7 shows that there are small positive eigenvalues of 
the 1-form Laplacian. See @] for further examples of homogeneous collapsings. 



Proof of Corollary |5| : The E2 term of the spectral sequence to compute H*(M;]R) 
consists of Ef'° = HP(X;M) and E^'^ = }P{X;0). The differential is M^. The corollary 
now follows from Theorem ^. D 

Proof of Theorem ^ : As in pO| , §6], we can reduce the structure group of the fiber 
bundle P ^ B so that the local holonomy lies in a maximal connected compact subgroup of 
Aff(Z), a torus group. Choose a horizontal distribution T^M on M whose local holonomy 
lies in this torus group. Add vertical Riemannian metrics g^^ , parallel along the fibers, and 
a Riemannian metric g^^ on B to give M ^ B the structure of a Riemannian affine fiber 
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bundle. We will use Theorem |l] to make statements about the eigenvalues of the differential 
form Laplacian on M. 

There is a vector space isomorphism n* = ^j^^^tt^y Define a number operator on n* 
to be multiplication by S'^ on rf^,. Extend this to a number operator on A*(n*)'^ and to a 
number operator A^ on the vector bundle E* over B. 

For e > 0, rescale g^^ to a new metric g^^ by multiplying it by e"^ on x^k] C n. Let 
g'^'^^ be the corresponding Riemannian metric on M. The rescaling does not affect d^ . The 
adjoint of d^'^ with respect to the new metric is (d^^)* = e^ (rf*^)* e~^. Putting 

C: = e-^/2 ^M ^N/2^ (723) 

we have that C'^ is a flat degree-1 superconnection, with C'J being its adjoint with respect 
to g^^ . The Laplacian A*^ coming from gf'^^ is conjugate to C^ C'J + CJ C'^. 

By pO| , §6], lime^o(^;5'f^) = B with bounded sectional curvature in the limit. (The 
proof in [^ §6] uses a scaling by e^ , but the proof goes through for a scaling by e^ . The 
phrase "The element Yi of g, through the right action of G, ..." of |^ p. 349 b9] should 



read "... the left action of G, ...") Let A'^ denote the superconnection on E constructed by 
restricting C'^ to the fiberwise-parallel forms. We will show that lim^^o^e = V*"^, the fiat 
connection on G. The theorem will then follow from Theorem ^ and Lemma ^. 

Consider A'^ tq,. It acts on a fiber of E by e~^/^ c?" e^/^. Consider first its action on a 

fiber (n*)^ ^ 0Lo(^[fc])^ of ^^- ^s d" acts on A^{x\*) by the dual of the Lie bracket and 
[^k\M C 0^>^ax(fc,o'^M' we have rf^rf^, C 0fe,,<^rf,,] A x^y It follows that 

e-^'U-e^l' : (r^H)"^ ^ (^W ^^ ^w)^ (7-24) 

is O ^e(3™-3'=-3')/2 j _ ^^Q obtain that the action of A[ rg, on E^ is O (e^^^) as e — i> 0. A similar 
argument shows that the action of A'^ tq, on E* is O (e^^^) . 

Now consider ^ [^ = e'^/^ V^ e^/^. Put F,* = P ^Aff{z) (tf^j)^, so that E^ = 0^^^ F,*. 
(Here the * in F^ denotes an adjoint, not a Z-grading.) Consider first the action of 
C^ Ml on C°°{B; E^). As the holonomy of V"^ comes from an Aff(Z) action, we have 

V^ : C°^{B;F*) -^ 0,<^ C°°(5; F;) (see the proof of Proposition |). If / < A; then the 
component 

^-N/2 ^E ^N/2 . ^oo(^. p*^ ^ ^oo(^. p*^ (7 25) 

of e-^/2 yE g7V/2 ig Q (^gi/2^_ Qn the other hand, the component V^ : C^{B;F*) -^ 
C°°{B] Fl) is the restriction of the flat connection V*^ from G^ io F^. A similar argument 
applies to all of E to show that as e — > 0, A^j^j = V*^ + O (e^/^). 

Finally, consider A'^ rgi = e~^'^ it e^'"^. The curvature T of the fiber bundle M ^ B 
is independent of e. As T acts by interior multiplication on the fibers of E, the action of 
g-Af/2 ^^ gAr/2 Q^ (^ffci)^ C F^ is O ( e^ /^ ). A similar argument applies to all of F to show 

that as e ^ 0, A'^ ^j = O (e^^^). 
The theorem follows. D 
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